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Abstract – In this paper we provide a distributed way
to transform the network topology underlying a set
of agents embedded in a bi-dimensional space into a
planar graph, and specifically into a Gabriel graph.
Moreover, a distributed algorithm based on synchronized consensus methodologies is provided in order to
gather some useful pieces of meta-information (number
of faces, average size of the faces, size of the boundary,
etc.) and to let each node in the Gabriel graph identify
its “role" (i.e., node that links two subgraphs, node on
a branch ending with a leaf, node belonging to a face,
etc.). The insights obtained by means of the proposed
approach may contribute to develop better geographic
routing techniques as well as to improve the local decision capability of the agents in distributed environments.
Keywords: Gabriel Graphs, Planar Graphs, Synchronized Consensus Algorithms
I. INTRODUCTION
Wireless sensor networks often implement routing protocols that are based on the node’s position in order to deliver the messages; among them face routing is a mechanism that routes a message along the faces of a planar
graph, and is often used as a recovery strategy when greedy
algorithms (e.g., send the message to the neighbor which
is closest to the target) fail [7].
In this and several other contexts (clustering, robot coordination, etc.) that require a high degree of autonomy for a
network of interconnected agents, it is beneficial to derive
a planar graph with few links that is optimal in some sense
and to gain insights on the properties of such graph, such
as the number of nodes, edges, faces, the average size of
the faces and of the boundary, etc.
Moreover, it is beneficial to let each node understand its
“role" in the network, e.g., leaf node, node that connects
two densely connected components, etc.
In this paper we provide a methodology based on synchronized consensus algorithms aimed at transforming a
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unit disk graph into a planar graph, and specifically into
a Gabriel graph, and at gaining insights on the aforementioned meta-information.
The structure of this paper is as follows: Section II describes Gabriel graphs and some of their properties; Section III outlines the proposed distributed methodology to
construct a Gabriel graph; Section IV reviews the distributed consensus algorithms, while Section V and Section VI provide the proposed methodology and some conclusions, respectively.
A.

Preliminaries
Let G = {V, E} be a graph with n nodes vi ∈ V and
e edges (vi , vj ) ∈ E. A graph can be represented by an
n × n adjacency matrix A, where aij > 0 if (v j , vi ) ∈ E
and aij = 0 otherwise. The term aij represents the weight
of the edge (vj , vi ). A graph is said to be undirected if
(vi , vj ) ∈ E whenever (vj , vi ) ∈ E, and is said to be
directed otherwise; in the following, where not explicitly
stated, each graph is considered as undirected. Let the degree di ofP
a node vi be the sum of the weights of its edges,
n
i.e., di = j=1 aij .
A graph G is connected if for any vi , vj ∈ V there
is a path whose endpoints are in vi and vj . A graph is
acyclic if it does not have cycles, i.e., a cyclic sequence
of edges such as {(v1 , v2 ), (v2 , v3 ), (v3 , v1 )}. A spanning
tree T (V ) on a set of nodes V is a connected acyclic graph
covering all nodes in V ; given a graph G = {V, E}, a minimum spanning tree T (G) is a spanning tree over V such
that the length of the path connecting any couple of nodes
vi , vj ∈ V is minimum with respect to any other path in
G. Any graph that may be embedded in the plane such that
distinct edges do not intersect except at vertices is termed
a planar graph [2]. Let an interior face of a planar graph
be a finite continuous region of the plane bounded by the
vertices and edges of a cycle of the graph and having no
vertices or edges in their interior. For a planar graph the
euler’s formula holds true, hence f = e − n + 1, where f
is the number of interior faces.
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Figure 1 provides a taxonomy of the structures that compose a planar graph. Specifically, it holds V = Vf ∪ Vl ∪
Vc2 , where:
1. the nodes in Vf belong to a face (red, black and purple
nodes in the figure), and can be further decomposed
as Vf = Vj ∪ Vc1 ∪ Vr , where
(a) the nodes Vj (in black) connect two or more
faces;
(b) the nodes Vc1 (in purple) lie on a path that connects two faces;
(c) the nodes Vr (in red) belong to a face but are not
in Vj or Vc1
2. the leaf nodes Vl (in green) are actual leafs or are
nodes on a path that connect just one face to a leaf
node (we will refer to both cases as leaf nodes);

Fig. 1. Taxonomy of the structures that compose a planar graph: the green nodes represent leaf nodes Nl ; the
white nodes Nc2 are nodes not belonging to a face that
connect two subgraphs composed of faces; red purple and
black nodes are nodes Nf belonging to faces, but the purple nodes Nc1 are nodes that are connected to white nodes
and the black nodes Nj are nodes that join two otherwise
disconnected faces.

3. the conenction nodes Vc2 (in white) that lie on a path
connecting faces but do not belong to a face.
The edges of a planar graph can be decomposed as
E = Ep ∪ Ei ∪ Ec ∪ El

(1)

where: Ep are the perimeter edges, i.e., edges that lie on
the boundary and belong to a face; Ei are the internal
edges, i.e., edges belonging to two faces; Ec are the connection edges, i.e., edges on a path joining two faces; El
are the leaf edges, i.e., the edges that have at least an endpoint which is in Vl .
Let the boundary γ of a planar graph be defined as the
number of links on the boundary, where each link that does
not belong to a face is counted twice, i.e.:
γ = e − ei + ec + el

(2)

where ei is the number of perimeter edges Ep , ec is the
number of connection edges Ec and el is the number of
leaf edges El .
A Unit disk graph is a graph where the nodes are embedded in a metric space, such that there is a link between
two nodes vi and vj whenever the distance between vi and
vj is smaller than a threshold µ.
II. GABRIEL GRAPHS
Let a set V of n nodes and let pi = [xi , yi ]T ∈ R2 be
the position of node vi and let a graph G = {V, E}.
A Gabriel graph is a graph Gg = {V, Eg } with Eg ⊆
E, such that an edge (vi , vj ) ∈ E belongs to Eg if and
only if, for each vh ∈ V, vh 6= vi , vj it holds
||pi − pj ||2 < ||pi − ph ||2 + ||ph − pj ||2
where ||pi − pj || is the euclidean distance between node vi
and node vj [1, 3]. Equivalently, a Gabriel graph is such
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Fig. 2. Example of Gabriel Graph with n = 5 nodes. For
each link, no node other than the endpoints lies in the corresponding black circumference centered in the midpoint
of the link with diameter equal to the link length.

that no node other than the endpoints of a link lies within
the circumference centered in the midpoint of the link with
diameter equal to the link length. A third equivalent definition is that an edge (vi , vj ) ∈ E belongs to Eg if and
only if, for each vh ∈ V, vh 6= vi , vj the angle ∠vi vh vj is
acute.
Note that a Gabriel graph Gg is connected whenever
the original graph G is connected; moreover, it is a planar graph that contains every possible minimum spanning
tree defined over G, although having a number of edges e
that is very small compared with other planar graphs [3].
Let β be the average size of all faces of a planar graph
G including the size of the boundary γ. In [3] it is shown
that, for a Gabriel graph it holds β = f2e
+1 .
Let β̂ be the average size of the interior faces and let γ
be the size of the boundary. By some algebra, it is easy to
show that 2e = β̂f + γ.
In the following, we will consider Gabriel graphs G that
satisfy the following hypothesis.
Hypothesis 1. The Gabriel graph G is such that any connected subset Vc3 ⊆ Vc2 links no more than 2 otherwise
separate components of G that contain each at least one
node in Nf .

III.

DISTRIBUTED GABRIEL GRAPH
CONSTRUCTION
The following Lemma provides a distributed way to obtain a Gabriel graph Gg by substituting the terms aij of the
adjacency matrix of the original graph G with the terms
âij .
Lemma 1. Let a network of n agents, each with a known
position pi = [xi , yi ]T ∈ R2 . Suppose the graph G that
underlies the network is a connected unit disk graph, and
let
  
1 − 
1 +
|| − ||δij
|| ,
φijh = sgn aij sgn ||ph − δij
2
2

+
−
where δij
= pi + pj and δij
= pi − pj .
If each agent i calculates the terms âij for all i =
1, . . . , n, j 6= i as follows:
h

i
âij = sgn 1 +
min
φijh
(3)

Fig. 3. Example of Gabriel Graph obtained from a unit
disk graph with n = 25 nodes in random position in the
unit square and µ = 0.35. The cyan dotted edges are
dropped using the approach in Lemma 1, resulting in a
Gabriel graph.

xi (t + 1) = Ui ({xj (t) : vj ∈ Ni ∪ {i}})

(4)

where Ui is a function of the current state of the node i
and his neighborhood

h=1,...,n,h6=j

then the network represented by the adjacency matrix Â =
{âij } is a Gabriel graph with unitary weights.
Proof. Let us consider a generic edge (vj , vi ) belonging to
G. For the edge to belong to the Gabriel subgraph, it must
be verified that no other point ph lies in the Gabriel circle
that intersects pi and pj ; in other words for each vh 6=
vi , vk :
c 2
c
(xh − xcij )2 + (yh − yij
) > rij

where

c T
pcij = [xcij , yij
] =

1 +
δ (k),
2 ij

c
rij
=

1 −
δ .
2 ij

The term φijh summarizes the above condition, in that
φijh = 1 when the condition is fulfilled and φijh = 0
otherwise. Since G is a unit disk graph, the Gabriel circle that intersects nodes vi and vj is contained in the unit
circle centered in vi , hence the Gabriel condition has to
be verified only for the neighbors of vi . Such condition is
verified for all vh 6= vi , vk if it is verified for the node vh
which is closest to the Gabriel Circle, hence the statement
is proved.
Notice that the above method is based just on local information (the position of neighboring nodes). Moreover,
agents i and j reach independently the same conclusion on
the edge (vi , vj ), i.e., âij = âji and the resulting graph is
undirected.
IV. CONSENSUS ALGORITHMS
Suppose each node in a graph G represents an agent with
an initial condition xi (0) ∈ R; at each iteration t the nodes
update their state as

Ni = {vj ∈ V : (vi , vj ) ∈ E}
Let χ(x1 (0), . . . , xn (0)) ∈ R be any function of the initial conditions of all the nodes; the χ-consensus problem
consists in finding a function Ui (·) such that
lim xi (t) = χ(x1 (0), . . . , xn (0)) ∀i = 1, . . . , n.

t→∞

Let us now discuss the max-consensus problem, where
the nodes have to converge to the maximum of the initial
conditions, i.e., χ(·) is the maximum of its arguments. The
problem, for a connected and undirected graph, is known
to have a solution in finite time [4] choosing
Ui (·) =

max

h∈Ni ∪{i}

xh (t).

(5)

In the average-consensus problem the nodes are required to converge to the average of their initial conditions,
i.e.

T
χ(·) = cT x1 (0) . . . xn (0)

where cT = n1 1Tn and 1n is a vector with n components all
equal to 1.
Let each node choose
Ui (·) = wii xi (t) +

n
X

wij xj (k)

(6)

j=1

where wij = 0 if (vi , vj ) ∈
/ E. The update strategy for the
entire system can be represented as x(k + 1) = W x(k),
where the n × n matrix W contains the terms wij .
According to [5], this choice of Ui (·) yields a solution
if and only if : (I) W has a simple eigenvalue at 1 and
all other eigenvalues have magnitude strictly less than 1;
(II) the left and right eigenvectors of W corresponding to
eigenvalue 1 are 1n and cT , respectively.
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A possible choicePfor W is wij = τ aij if vi 6= vj
n
and wij = 1 P
− τ l=1 ail otherwise [4], where τ <
n
1/ mini=1,...,n j=1 aij is a constant parameter which is
the same for all the nodes.
V. META-INFORMATION GATHERING
Let us show how to obtain meta-information such as the
value of n, e, f, β of a Gabriel graph in a distributed manner. Later in this section we will also describe an algorithm
to identify the role of each node in the Gabriel graph (see
Figure 1, where the nodes are labeled using the proposed
methodology), which is a precondition for the distributed
calculation of β̂ and γ.
A.

Meta-information Gathering
Combining the max-consensus and the average consensus algorithms, it is possible to calculate the number of
agents n in the network in a distributed way [6].
Specifically, suppose a leader is elected via maxconsensus (e.g., the nodes each have a unique identifier
and the node with maximum identifier is elected as leader
via max-consensus). Now, let the nodes execute an average
consensus algorithm with x̄i (0) = 1 if node vi is the leader
and x̄i (0) = 0 otherwise: the average-consensus yields

lim x̃i (t) =

t→∞

1
.
n

lim x̄i (t) =

knowing n it is easy to obtain the number of leaf nodes
and edges. White and purple nodes in Figure 1 represent
connection nodes that are on a path connecting subgraphs
composed of faces (the white nodes Vc2 do not belong to
a face, while the purple nodes Vc1 belong to a face). After
removing a link among two non leaf nodes, a distributed
connectedness test is executed: if the Gabriel graph without the removed link is disconnected, then the link is a connection link and the nodes are connection nodes.
If this case is verified, removing the link might create
a new branch ending with a leaf where the nodes in this
branch are all labeled as connection nodes, in a way similar
to the approach used for leaf nodes.
As for the connectedness test, it can be executed in a
distributed way by letting one of the endpoints of the link
choose xi (0) = 1 and all other nodes choose xi (0) = 0;
if computing the number of nodes naf ter after the link removal it holds naf ter 6= n, then the network is disconnected. Note that the number of paths ψ that involve nodes
in Vc1 and Vc2 can be easily obtained by letting the first
node identified on each connection path select x̃i (0) = 1
and all other nodes select x̃i (0) = 0, and executing an average consensus it holds
ψ
.
n

Notice that, the values of β̂ and γ can not be easily determined.

The joint nodes Vj (i.e., nodes belonging to more than
one face, but such that each of their edges belong to just
one face, see the black node in Figure 1) are identified by
iteratively letting each node drop all its links and calculate
the number of faces in the graph before and after the link
removal: the removal of the links of a joint node is the only
case that results in a network disconnection in 3 components (including the node itself) and such that the number
of lost faces is smaller than d − 1 (removing the black node
in Figure 1, 2 faces are lost, but the degree of the black
node is 4). More in detail, to calculate the number of faces
after node vi drops all its links, the leaf nodes are also removed. Then, the two disconnected components Gg1 and
Gg2 (not considering node vi and the leaf nodes) calculate
their value of ng1 , ng2 , eg1 , eg2 and fg1 , fg2 . Eventually,
node vi calculates the sum of the values fg1 and fg2 by
choosing the value associated to two neighbors that have
different values of f and that are not labeled as leaf nodes.

B.

C.

t→∞

As for e, if each agent chooses x̂i (0) = di /2 it is easy
to show that the average consensus yields
lim x̂i (t) =

t→∞

Pn

i=1

Pn

j=1

2n

âij

=

e
.
n

The number of faces can be obtained as
lim

t→∞

x̂i (t) + x̄i (t) − 1
= e − n + 1 = f,
x̄i (t)

while β can be obtained as
lim

t→∞

2e
2x̂i (t)
=
= β.
x̂i (t) + x̄i (t)
f +1

Node Role Identification
Let us provide a brief description of the proposed algorithm for the node role identification, under Hypothesis
1. First of all, the leaf nodes are identified by iteratively
letting each node vi with di = 1 drop his link and be labeled as leafs (the green nodes in figure 1). The number of
leaf nodes and edges is counted using an average consensus over the Unit disk graph where nodes labeled as leaf
select xi (0) = 1 and all other nodes select xi (0) = 0;
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Distributed Calculation of β̂ and γ
First, note that e = ep +ei +ec +el , where ep is the number of links belonging to a face that lie on the boundary, ei
is the number of links with at least an endpoint which is an
internal node (i.e., nodes belonging to a face that are not on
the boundary), el is the number of links with an endpoint
labeled as leaf node and ec is the number of edges with
both endpoints labeled as connection nodes. Let us further
denote by nj and nc2 the number of joint nodes (the black

node in Figure 1) and the number of connection nodes that
do not lie on a face (the white node in Figure 1).
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and G12 has e12 = e1 + e2 − 1 edges; as a result
X
(d∗i − 1) = e12 + 1.
i∈V12

The above reasoning can be extended to any number of
merged links, yielding
X
(d∗i − 1) = e + ei .
i∈V

Let us now consider the case where two graphs G1 and
G2 such that each link belongs to at least one face are
merged by fusing a node v1a ∈ V1 with a node v2a ∈ V2 .
The degree of v1a and v1b are d1a and d1b , respectively,
while the degree of the merged node is d1a + d1b , therefore
X
X
X
(d∗i − 1) =
(d∗i − 1) +
(d∗i − 1) + 1
i∈V12

i∈V1

i∈V2

in this case e12 = e1 + e2 , hence it holds
X
(d∗i − 1) = e12 + ei + 1.
i∈V12

Generalizing to several merged nodes we get
X
(d∗i − 1) = e + ei + nj .
i∈V

100

200

300

400

500

s teps

600

700

800

900

1000

400

450

500

Size of Boundar y
90
80

20

70
60

12

15

50

10

f

40
8

10

30

6
20
4

5

10

2

0

0

0

500

1000

1500

s teps

2000

2500

0

3000

nl nc1 nc2 nj

nr

el

−10

ec ep+ei Psi

0

50

100

150

200

250

s teps

300

350

Fig. 4. Example of execution of the proposed methodology.
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Now suppose that two graphs G1 = {V1 , E1 } and G2 =
{V2 , E2 } are composed each of just one face, and have e1
and e2 edges, respectively. Let us consider a graph G12 =
{V12 , E12 } which is the fusion of G1 and G2 , such that
an edge (v1a , v1b ) of G1 is merged with an edge (v2a , v2b )
of G2 (the node v1a is merged with v2a and v1b is merged
with v2b ). The degree of each of the 4 nodes to be merged
is equal to 2, while the degree of each of the 2 merged
nodes is equal to 3, hence:
X
X
X
(d∗i − 1) =
(d∗i − 1) +
(d∗i − 1) = e1 + e2

10

3000

16

i∈V

Proof. Let us assume, for the moment, that there are no
leaf nodes, hence el = 0. Let us first show that Eq. 7 holds
true for any graph composed of a single face; in this case
d∗i = 2 for each node hence
X
(d∗i − 1) = e.

35

n

Lemma 2. Let a Gabriel graph G = {V, E} and let
be the degree of a node without considering the links El .
Suppose that G satisfies Hypothesis 1.
It holds
X
(d∗i − 1) = e − el + ei + nj + ψ.
(7)
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Fig. 5. Example of execution of the proposed methodology
when Hypothesis 1 does not hold true.

Let us now consider a case where two graphs G1 and G2
such that each link belongs to at least one face are merged
by means of a connection path composed of m additional
nodes in Vc . In this case the node in G1 and the node in G2
that are connected by means of the path belong to Vc1 and
increase their degree by one, while each other node in the
path has d∗i = 2, hence
X
X
X
(d∗i − 1) =
(d∗i − 1) +
(d∗i − 1) + 2 + m
i∈V12

i∈V1

i∈V2

in this case e12 = e1 + e2 + m + 1, hence it holds
X
(d∗i − 1) = e12 + ei + nj + 1
i∈V12

Generalizing to several paths we get
X
(d∗i − 1) = e + ei + nj + ψ
i∈V

where ψ is the number of such paths. If el 6= 0, then Eq. 7
is proven.
Theorem 1. Let a Gabriel graph G = {V, E} and suppose that G satisfies Hypothesis 1. It holds
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γ = 2e + ec + nj − nc2 + ψ −

X

i∈V

(d∗i − 1)

(8)

Proof. Summing Eq. 2 and Eq. 7, the unknown term ei
disappears, and rearranging the terms, Eq. 8 is obtained.
Remark 1. Let us show that γ and β̂ can be computed
in a distributed fashion. In order to calculate Eq. 8 in
aPdistributed way, we need just to show how to calculate
∗
i∈V (di − 1), beacuse e can be calculated as described
above and ec , nj , nc2 can be calculated by executing the
node role identification and then letting the nodes share
information via average consensus (for instance nj can be
calculated if each agent chooses an initial opinion equal to
1 if it is a joint node and 0 else). If each node executes an
average consensus algorithm choosing xi (0) = d∗i − 1 if it
is not a leaf node and xi (0) = 0 otherwise, then it holds
xi (t) X ∗
=
(di − 1).
t→∞ xi (t)
lim

i∈V

Using the above result, both γ and β̂ can be calculated,
as well as the term ei + ep = e − el − ec ; note that
the terms ei and ep can not be determined, while knowing them would be a first step in the identification of internal nodes. Figure 4 is an example of execution of the
proposed methodology: specifically, the distributed calculation of the nodes n, of the edges e and of the faces f is
reported, together with the result of the meta information
gathering reported in the bar plot and the distributed calculation of γ, which is given in the right-lowermost plot.
The roles identified for the nodes are reported on the graph
with the same color code of Figure 1.
D.

About Hypothesis 1
The above results are limited to Gabriel graphs G that
satisfy Hypothesis 1. Figure 5 provides an example when
Hypothesis 1 does not hold. In this case γ = 38 but the
agents estimate γ = 39. It can be noted in this case that
there are 3 components with nodes in Vf that are linked
via a connected path with nodes in Vc2 , and the algorithm
proposed fails to identify the nodes that connects the paths
(the central purple node), which is considered as a node
in Vc1 instead of Vc2 . The cases when Hypothesis 1 is
not verified seem to be quite rare. In a first experiment
we consider a network with n = 20 nodes with random
uniform positions in the unit square and µ ∈ [0.2, 0.5] with
sampling steps of 0.05 and we generate 1000 graphs for
each value of µ: each graph generated respects Hypothesis
1. Figure 5 suggests that graphs that violate Hypothesis
1 might be quite sparse, hence in a second experiment we
focus on low-connectivity networks, considering a network
with n = 20 nodes with random uniform positions in the
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unit square and µ ∈ [0.2, 0.3] with sampling steps of 0.01
and generating 1000 graphs for each value of µ: again,
each graph generated respected Hypothesis 1.
VI. CONCLUSIONS
In this paper we provide a distributed way to obtain a
planar graph and calculate some useful metainformation
as well as detect the role of each node.
Future Work will follow two main directions. First, we
will extend the proposed methodology to Gabriel graphs
that violate hypothesis 1. Then we will use the metainformation obtained in order to design more effective
georgraphic routing techniques for wireless sensor networks.
ACKNOWLEDGEMENTS
This work was partially supported by the European Commission, Directorate, General Home Affairs, within the Specific Programme on Prevention, Preparedness and Consequence
Management of Terrorism and other Security-related Risk Programme, Grant n. 4000002102, project THREVI2 - Threat
- Vulnerability Path Identification for Critical Infrastructures
(http://www.threvi2.eu/).
This work was partially supported by European FP7
project CIPRNet - Critical Infrastructure Preparedness and
Resilience Research Network, proposal number 312450
(http://www.ciprnet.eu/).

REFERENCES
[1] K. R. Gabriel and R. R. Sokal, “A new statistical approach to geographic variation analysis", Systematic
Biology, vol. 18, n.3, pp. 259–278, 1969.
[2] F. Harary, “Graph theory", Addison-Wesley, 1969.
[3] D. W. Matula and R. R. Sokal, “Properties of Gabriel
graphs relevant to geographic variation research and
the clustering of points in the plane", Geographical
analysis, vol. 12, n. 3, pp. 205–222, 1980.
[4] R. Olfati-Saber and R. M. Murray, “Consensus problems in networks of agents with switching topology
and time-delays,” Automatic Control, IEEE Transactions on, vol. 49, no. 9, pp. 1520–1533, 2004.
[5] L. Xiao and S. Boyd, “Fast linear iterations for
distributed averaging,” Systems & Control Letters,
vol. 53, no. 1, pp. 65–78, 2004.
[6] I. Shames, T. Charalambous, C. N. Hadjicostis, and
M. Johansson, “Distributed network size estimation
and average degree estimation and control in networks
isomorphic to directed graphs,” in 2012 50th Annual
Allerton Conference on Communication, Control, and
Computing, pp. 1885–1892, 2012.
[7] P. Bose, P. Morin, I. Stojmenovic and J. Urrutia,
“Routing with guaranteed delivery in ad hoc wireless
networks", Wireless networks, vol. 7, n. 6, pp. 609–
616, 2001.

